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Abstract

Two succinct linear notation systems to encode the structure of polybenzenoid
aromatic hydrocarbons are exemplified. Both notation systems use a labeled dual
inner graph to represent the hydrocarbon. A molecular similarity index ranging
from unity (identical molecules) to zero (completely different molecules) is defined
based on a comparison of the linear notations for a pair of compounds. The similarity
index procedure is applied to a correlation of the carcinogenic properties of the
benzenoid hydrocarbons.

1. Introduction

A number of specific procedures have been suggested to designate polycyclic
benzenoid aromatic hydrocarbon (PBAH) structures using codes or alphanumeric
notations of various types [1-15]. The standard Chemical Abstracts nomenclature
rules for completely unsaturated fused ring carbon compounds comprise, of course,
one such system [16]. However, the CA system makes use of a large number of trivial
names, hierarchal rules, and recondite numbering and fusion methods based on
preferred orientations of the molecular structural graphs. It is not, therefore, very
useful for solving problems of classification and enumeration or for investigating
questions related to numerical comparisons of structure. The more abstract notation
systems based on graph-theoretical formalisms [1-15] prove to have more utility in
these regards.

We have previously advanced completely general linear notation systems for
inorganic and organic structures [17—20] . These procedures involve unique canonical
numberings of the chemical systems, use only standard chemical symbols, and have
been implemented in the form of microcomputer programs [21]. A string comparison
technique was also adopted to estimate the similarity of two molecular linear string
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notations [14,20]. The principal part of the analysis simply involves counting the
number of insertions and/or deletions required to convert one molecular notation to
the other. This technique allows one to define a molecular similarity index with values
that range from zero to unity, the zero value characterizing complete dissimilarity and
the value of unity denoting identity. Comparison of the similarity index values with
distance measures of similarity based on subgraph enumeration for a small set of
aliphatic alcohols [22] showed that the two concepts give rise to parallel estimates.

The quantitative elucidation of molecular structural similarity derives signifi-
cance from the basic premise that molecules with similar chemical structures will
exhibit similar physical and chemical properties. Perhaps even more important, they
could also exhibit similar biological or pharmacological activities. Practical use of a
molecular similarity concept would involve QSAR (Quantitative Structure Activity
Relationships) methodologies, where various statistical techniques are used to seek for
correlations between an observed biological or chemical activity and a set of arbitrarily
selected chemical or molecular descriptors. Molecular descriptors used in the past
have included various kinds of physical properties, both theoretical and experimental
reactivity parameters, and many kinds of structural descriptors [23—30] . In principle,
a similarity term, perhaps expressed relative to the most active compound in a data
set, could be included as an independent variable in QSAR analyses.

This present paper, which will be concerned with applications of the foregoing
concepts to PBAH, will have the following format. First, a new, succinct structural
representation of PBAH will be presented. Then, codings of the PBAH structural
representations will be exemplified using two linear notation systems presented in
previous work [17—20], and notations for several PBAH will be used to illustrate
the calculation of molecular similarity indices. Finally, in a test of the procedures,
we will attempt the characterization of the well-known [31] carcinogenic properties
of PBAH in terms of the similarity index concept.

2. Structural representations of PBAH

PBAHs are commonly depicted by their polyhex [32] graphs. The polyhex
graph represents the molecular structure as a planar figure constructed by connecting
regular hexagons so that any two hexagons are either disjoint or have a single common
edge. The number of polyhex graphs may be restricted by requiring the polyhex to be
superimposable on the two-dimensional tessellation of regular hexagons, i.e. the graph
of the graphite lattice. The benzenoid polyhex graph can also be reduced to a smaller
and even more abstract representation by joining the centers of neighboring hexagons
and then deleting the edges of the original benzenoid graph. The resulting graph is
variously called the dual inner graph, the dualist graph, or the characteristic graph
[1,32-35]. The properties of the dualist graphs of PBAH have been the subject of
numerous studies in chemical applications of graph theory [36—40].



W.C. Herndon and A.J. Bruce, Linear notation system 157

Fig. 1.

The polyhex to dualist graph conversion is illustrated in fig. 1 for the molecular
graphs corresponding to several representative PBAHs. No structural information is
lost if the relative orientations of the dualist graph vertices are presumed to reflect
the relative orientations of the hexagonal rings in the original molecular graph. How-
ever, the representation of this pictorial information presents obvious difficulties for
notation schemes. Most previous complete solutions to this coding problem prescribe
a prior reference placement of the molecular structure on the graphite or a related
lattice, and/or designate the angular orientation information with a sequence of
numerals [41].

Our approach to the relative orientation problem is bounded by the fact that
computer programs we have developed used molecular graph structural information
in the form of connection tables or the equivalent adjacency matrix array. Diagonal
elements of this array correspond to the vertices of the molecular graph, and off-
diagonal elements represent the graph edges (bonds). Both types of elements are
stored as alphanumeric strings rather than in numerical form, and this presupposes
that all structural information be expressed as vertex and edge labels of the molecular
graph. The structures shown in fig. 2 demonstrate that it is possible to convey informa-
tion in the dualist graph within these constraints with the use of the following
definitions:
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Fig. 2.

(a) Benzenoid rings with one to six adjacent rings are labeled 4 through F,
respectively [42]. Numerical suffixes 1, 2, and 3 refer to the substitution
pattern and are defined in the context of the figures.

(b) A graph line that corresponds to the common edge of two adjacent rings is
labeled with a lower case @ [43]. The interactions between rings that
correspond to the so-called bay-regions and pseudo-bay-regions are
labeled b and b', respectively. Longer range cisoid relationships are indi-
cated by lower case c.

The resulting graph is a completely labeled dual inner graph, augmented with lines
representing secondary ring interactions. It requires no predetermined orientation
convention or additional assumptions to completely represent the original PBAH
molecular graph structure.

A certain amount of redundant structural information is present in these
labeled, augmented dualist graphs. For example, in every case one could deduce the
original PBAH structure without making use of the vertex labels, the edge labels being
sufficient for this purpose if the underlying graphite lattice is assumed. However, the



W.C. Herndon and A.J. Bruce, Linear notation system 159

vertex labels greatly simplify the process of drawing the original PBAH, given the
linear notation to be described in the next section. The very same kind of advantage
arises when saturated hydrocarbons are represented as labeled graphs (i.e. vertex labels
CH, CH,, and CH;) rather than by carbon skeleton line drawings. With or without
the vertex labels, every PBAH has a unique graph representation of this type, which is,
naturally, the minimal requirement for a molecular graph-based nomenclature or
notation system. One should also note that other kinds of condensed benzenoid
molecules can be denoted within this system including, for example, helicenes and
molecules with interior holes (coronae-type [36]). In fact, if ring size is included in
the vertex labels, nonbenzenoids can also be encompassed, giving a general labeled
dualist graph representation for condensed m-systern molecules of all types [44].

3. Linear notations for PBAH

Two linear notation systems (LN-1 and LN-2) are to be used in the present
work, and both start with a canonical numbering of the underlying simple graph
corresponding to the molecular graph. Explicit rules have been given previously
[17,18] for the ancillary canonical assignment that leads to LN-1. Extended con-
nectivity is used as the basic algorithmic numbering tool, and high connectivity and
centrality in the graph are the main factors giving numerical priority. As a result,
vertices of the highest degree are numbered first, ensuing numbers tend to cluster,

GC-1  {01)0203040506(02)0304(03)05(04)06(05)(06)
LN-1  {C1)02a D3a 04a 05b 06b (C1)03a 04a (C2)0Sa (C2)06a (A1) (A1)

Fig. 3.

and terminal graph nodes will appear last in the order of citation. In many cases,
these factors allow the assignment of the correct canonical labels without actually
proceeding through the numbering algorithm or using the computer program that
gives the final notation upon input of an arbitrarily numbered molecular adjacency
matrix. The resulting graph code (GC-1) cites each vertex in parentheses, followed
by citations to neighboring vertices, all given in ascending numerical order, as shown
in fig. 3 for the dualist graph of dibenzo[a, i] pyrene. Note that bay-region interactions
are explicitly depicted and that this code is a linear equivalent of the adjacency
matrix in which each bond, however, receives only one designation.
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The conversion of the GC-1 code to LN-1 linear notation is straightforward, as
demonstrated in fig. 3. The parenthetical numerals in the graph code are non-
essential, so they are discarded and replaced by the vertex labels, and edge or inter-
action labels are introduced in the appropriate notation position. As stated previously,
the long range interaction labels (b, b', and ¢) are necessary in PBAH to distinguish
isomeric structures. In applications to normal molecular graph structures, one simply
requires an edge or vertex label corresponding to every chemical bond and atom
(group) in the molecular structure, respectively [45]. When two or more alternative
codes or notations can be derived for the same graph, then that code or notation
which is lexicographically superior at the first point of difference is chosen. Of course,
symmetry will lead to alternative equivalent notations, one of which is to be chosen
arbitrarily.

The procedure used to obtain the graph code (CG-2) for LN-2 takes the
longest path in a graph as the single structural element to initiate canonical numbering.
Path branches, which are paths that emanate from previously numbered paths, are
subsequently numbered in order of decreasing path branch length. Then, the code is
completed by adding locants for the path branches and double locants for single-edge
path bridges that define the graph cyclicity. The components of GC-2 are written in
the prescribed order: longest chain length, locants and path branch sizes in decreasing
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GC-2 06(03)01(0204)(0205)(0305)
LN-2 Al-a-B3-b-B3-a-C3-a-B3-2-A1(03)-a-A1(0204)-a-(0205)-b-(0305)-b-
Fig. 4.

order of length, locants for bridges. All locants are enclosed in parentheses and, again,
a lexicographic criterion is used to choose among otherwise equivalent derived codes
and notations. A branched PBAH structure and its dualist graph are given in fig. 4 to
explicate the assignment of GC-2 and LN-2. Two alternative incorrect numberings of
the dualist graph are also shown.

The first element of the correct code, 06, denotes a path of length six. The
first locant and the following elements, (03)01, designate a path branch of length
unity at vertex 3 of the main path. The cyclicity is delimited by the path bridges
(0204), (0205), and (0305), and the vertex numbering given is one of three possible
optimal numberings, due to the threefold symmetry of the molecular graph. The
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first alternative numbering in fig. 4 gives the code 06(04)01(0204)(0205)(0405),
which is inferior to the correct code. The second alternative numbering would give
05(03)02(0204)(0206)(0405), which does not make use of a longest path to derive
the code. Linear notation LN-2 is obtained from GC-2 by replacing each path length
with the molecular graph vertex and edge labels that comprise the path. The edge or
bond types that correspond to the cyclic path bridges are also designated, as demon-
strated in fig. 4. Neither the hyphens in LN-2 nor the blank spaces in LN-1 are
required, but both are added to improve readability of the notations.

LN-1 notations are generally longer than those derived in the LN-2 system,
principally because more locants are necessary. This fact is illustrated for the dualist
graph of benz[a] anthracene in fig. 5, where the notation lengths are 12 for LN-1 and
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LN-1 (B3)02a 03b 04a (B2)03a (A1) (A1)

LN-2 Al-a-B2-2-B3-a-A1(0103)-b-
Fig. 5.

10 for LN-2. However, in our experience, obtaining either notation is a facile process,
either by hand or with the use of the available computer programs. We do find that
the reverse process, obtaining a structure from a linear notation, seems to be somewhat
easier in the LN-2 system. This may be because chain structures and cyclicity can be
directly discemned from a single scan of the notation.

4. Definition of similarity

In either of the two notation systems, a compound is represented by a string
of alphanumeric symbols. Our procedures for obtaining quantitative metrics related to
similarity involve comparison of the two sequences of symbols for two different
molecules [19,20]. This procedure has been anticipated in work by Adamson and
Bowden, where noncanonical Wiswesser notations were used in the same fashion [46] .
The general approach that is used here is to determine the number of insertions and/or
deletions that are required to convert the linear string notation of one molecule to
that of the second molecule [47—50]. The larger this number, called the distance
between the two strings, the less similar are the two notations, and by implication,
the less similar are the two structures that gave rise to the notations.

Three PBAH examples are given in fig. 6 for both LN-1 and LN-2 notation
systems. Each numerical locant and each vertex or edge label is considered to be a
structural term of the linear notation. Matching terms in pairs of sequences can be
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indicated by lines drawn from one sequence to the other, and such a drawing consti-
tutes a “trace”. In a trace comparing two sequences, no terms in either sequence can
be connected by more than one line, and the lines are not allowed to cross each other.
The optimal trace has the largest number of allowed lines. Four different traces, i.e.
those of dualist graph (b) with each of (a) and (c) in both notations, are also illustrated
in fig. 6.

The total of the terms without lines in the optimal trace is the number of
insertions/deletions required to convert one sequence to the other and thus consti-
tutes a distance between the sequences. The similarity (S) is then calculated as unity
minus the quotient of the distance (d) required for conversion divided by the total
number of terms in the two sequences, cf. egs. (1)—(5).

S = 1 = di, DI, + ) (1)
S n.,(6a,6b) = 1 — 16/(19 +21) = 0.600 )
S n_,(6a,6b) = 1 — 13/(18 +21) = 0.667 3)
Sin._(6b,6c) = 1 = 20/(21+17) = 0474 (4)
Sin - ,(6b,6c) = 1 = 22/(21+15) = 0.389. (5)
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If the reader is interested, traces for the pairs (a) and (c) in fig. 6 can be
examined to finally obtain the calculated similarities as S; \ _,(6a, 6¢) = 0.667 and
Sin - ,(6a,6c) =0.545.

5. A test of the similarity concept and discussion

The usual methods for quantitative investigations of a molecular property and
its relationship to molecular structure involve linear correlations of the dependent
observed property with structural descriptors, the number or values of which act as
independent variables. As mentioned in the introduction, structural descriptors of
many types have been used as independent variables; the sets of topological indices
employed by Kier and Hall [24], path lengths as defined by Randi¢ and coworkers
[S1-56], and the molecular graph fragments used by Klopman and coworkers
[29,57-60] constitute good examples of this kind of approach. The number of
parameters, their types, and their forced or unforced inclusion in the multi-linear
regression are all matters of judgment. Our recent study of PBAH carcinogenicities
lies in this category [42].

We have now elected to proceed in a different way, which devolves from the
ability to accurately represent the molecular structure of an organic compound by
means of succinct linear notations. Thus, it is our goal first to define a metric of
molecular similarity based on the notations, and then to test the chemical consequences
of the previously defined concept. This approach is certainly in keeping with that of
several other recent investigators who have attempted to obtain definitions of
similarity or related ideas [61 —68]. The extreme simplicity of oursimilarity definition
may constitute an advantage. Whether or not this approach and the similarity concept
have validity can only be determined by testing and by comparison with other defini-
tions.

As an initial test, the procedures developed herein will be applied to corre-
lations of the carcinogenic properties of the 16 PBAH compounds whose structures are
represented in fig. 7. We choose this example partly because of our previous interest in
this problem [42,69,78] . However, PBAH carcinogenicities constitute one of the most
important aspects of PBAH chemistry, and the continuing interest in theoretical
models for PBAH carcinogenicity is manifest by several pertinent studies published
only in the last two years [71-79].

The numerical value given in fig. 7 for each compound is the experimentally
obtained Iball index of carcinogenicity {31,80,81]. This index is defined as the
percentage of skin cancer or papilloma-developing mice (skin painting experiments)
divided by the average latent period in days for affected animals (times 100). A few
other PBAH compounds demonstrate weak carcinogenic activity in other types of
experiments, and these compounds are listed in Dipple’s excellent review articles [31].
Most other PBAHs are generally accepted to be inactive. The values of the Iball indices
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are normally taken to provide an acceptable partitioning of the PBAH carcinogens
into weak (<20), moderate (20—40), and strongly active (> 40) compounds, even
though the reliable determination of a carcinogenicity index is hampered by several
possible experimental difficulties. However, nearly all previous studies have adopted
the Iball indices or the 3-category partition as the carcinogenicity variable. Since the
discontinuous nature of the latter classification would be inconvenient for a simple
correlative study (depending on linear regression), we will use the Iball values given
in fig. 7 for the present study, aware that shortcomings in this approach do exist.

The results of the similarity analyses and Iball indices, along with some other
structural parameter values, are given in table 1. The similarities are, of course, defined
relative to the most carcinogenic compound dibenzo[a, i]pyrene. The localization
energies given in the table are quantum-mechanical parameters for reactions at
molecular sites that have been considered to be involved in carcinogenesis in many
previous theoretical analyses [82]. All reactivity parameters were calculated using
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Table 1

Experimental Iball indices I; similarities S(LN-1) and S(LN-2) Bay-region, M-region and K-region
atom localization energy indices?

Compound 1 S(LN-1) S(LN-2) B(a) M(a) K(a)
Dibenzo[a, i] pyrene 74 1.000 1.000 1.674 1.404 1.253
Benzo{a] pyrene 72 0.837 0.829 1.504 1.299 1.170
Dibenzo[a, h] pyrene 68 0.917 0.957 1.653 1.460 1.495
Dibenzo[a, ] pyrene 50 0.720 0.673 1.534 1.294 1.326
Naptho{2, 3-a] pyrene 27 0.696 0.791 1.466 1.386 1.299
Dibenzo[a, h] anthracene 26 0.634 0.553 1421 1.099 1.204
Tribenzo|a, e, h] pyrene 20 0.717 0.823 1.621 1.457 1.504
Benzo[g] chrysene 18 0.512 0.585 1.447 1.099 1.232
Tribenzo[a, e, i} pyrene 17 0.691 0.778 1.655 1.368 1.269
Benzo{c]chrysene 10 0.439 0.474 1.322 1.073 1.219
Benz[a]anthracene 7 0.500 0.485 1.386 1.050 1.099
Dibenzo[ g, j]anthracene 5 0.465 0.341 1.386 1.070 1.153
Chrysene 5 0.579 0.500 1.281 1.056 1.099
Benzo[ c]phenanthrene 4 0.444 0424 1.224 1.012 1.099
Dibenz[a, c]anthracene 3 0.512 0.536 1.386 0.990 1.124
Benzo[e]pyrene 2 0.533 0.591 1.344 0.969 1.068
Correlation coefficient with 1 0.914 0.812 0.704 0.725 0.510

4 See refs. [31] and [42] for descriptions of these parameters.

valence bond structure resonance theory, which gives reactivity parameters that are
highly correlated to the results of experiments and to the results of molecular orbital
calculations [83]. The correlation coefficients of the listed parameters with the Iball
index are also given in table 1.

The similarity indices and each one of the reactivity parameters correlate to
a significant degree in table 1. In fact, the correlation of similarity based on the LN-1
notation with the Iball indices is the highest correlation for a single parameter of
which we have knowledge. The correlation coefficient of 0.914 indicates that S(LN-1)
accounts for 84% of the variance in table 1. A stepwise linear regression model would
select either similarity index ahead of any of the reactivity indices. The significance
of the higher correlation coefficient for M(a) rather than B(a) has been discussed
previously [42]. The more common extended analysis utilizing multi-linear regression
of size, reactivity, and structural factors will naturally lead to even more improved
correlations of the carcinogenicity data, but is outside the scope of the present work.

The two similarity indices also correlate with each other, correlation co-
efficient = 0.939, as might be expected due to the parallel procedures for obtaining
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the similarity values. This correlation coefficient is low enough that one can infer that
a rational preference for one or the other definition may arise for particular types of
compounds exhibiting particular activities. This is certainly the case for the PBAH
carcinogenicities, where the similarity indices based on the LN-1 notation give a very
reasonable correlation with the Iball index.

Whether or not the indices actually correlate with “similarity” may be an
unanswerable question. The difficulties in obtaining precise numerical indices for
qualitative molecular structural concepts should not be underestimated. A moderate
degree of success has been achieved in the present case in correlating the PBAH
property of carcinogenesis, but this success lies a long way from validating the accuracy
of these similarity concepts. Finally, the question of a mechanistic basis for under-
standing the correlations arises, and in the present investigation it is difficult to de-
lineate the particular structural features that are responsible. It may be that analysis
of the sequences within the linear notations would help to answer this question.

The two constructs for defining a similarity index that we have presented do
have the practical advantages of conciseness and simplicity. However, we must point
out that the similarity values obtained must be perceived as only locally valid. For a
property dissimilar to the present one, a different molecule would have to serve as
the standard of comparison, since one must necessarily choose the standard molecule
to have either the maximum or the minimum value of the property under investiga-
tion. It is, of course, also possible that more complex definitions of similarity will
be necessary in other applications, or that many different definitions will prove to
be useful. We plan to compare different types of similarity definitions in future work,
along with carrying out further tests of validity and applicability.
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